Abstract. In this paper we obtain existence and approximation results for closed complex subvarieties that are normalized by strongly pseudoconvex Stein domains. Our sufficient condition for the existence of such subvarieties in a complex manifold X is expressed in terms of the Morse indices and the number of positive Levi eigenvalues of an exhaustion function on X. Examples show that our conditions cannot be weakened in general. We obtain optimal results for subvarieties of this type in complements of compact complex submanifolds with Griffiths positive normal bundle; in the projective case these generalize classical theorems of Remmert, Bishop and Narasimhan concerning proper holomorphic maps and embeddings to C n = P n \P n−1 .
1.
Introduction. An interesting and difficult problem in analytic geometry is to describe the closed complex subvarieties of a given complex (or algebraic) manifold X. The set of all compact subvarieties -the Douady space D(X) and its close relative, the cycle space C(X) (the Chow variety in the quasi-projective setting) -is itself a finite dimensional complex analytic space (see [2] , [5] , [13] ). Noncompact subvarieties are in many aspects harder to deal with, and consequently not as well understood.
In the present paper we continue the investigation, begun in [14] , of the existence and plenitude of subvarieties that arise as proper holomorphic images of strongly pseudoconvex Stein domains. In [14] we analyzed the one dimensional case -complex curves normalized by bordered Riemann surfaces. Here we study higher dimensional subvarieties of this type and obtain optimal results in terms of the Levi geometry and the Morse indices of an exhaustion function on the ambient manifold.
Let X be a complex manifold with the complex structure operator J ∈ End R TX, J 2 = −I. The Levi form of a C 2 -function ρ: X → R is (z 1 , . . . , z n ) near a point x ∈ X and writing v = η +η, where η = Moreover, given an integer k ∈ Z + , f can be chosen to agree with f 0 to order k at each point in a given finite set σ ⊂ D.
The most interesting case is when X is noncompact, Ω is a union of connected components of X\K for some compact subset K of X, and ρ → +∞ along the noncompact ends of Ω. Theorem 1.1 then furnishes proper holomorphic maps f : D → X that approximate a given map f 0 uniformly on compacts in D. A typical situation is Ω = {ρ > 0} where ρ: X → R is an exhaustion function satisfying the stated properties on Ω.
A C 2 -function ρ on an n-dimensional complex manifold X whose Levi form has at least r positive eigenvalues at every point in an open set Ω ⊂ X is said to be (n − r + 1)-convex on Ω (see [26] An n-dimensional complex manifold X is said to be q-convex if it admits an exhaustion function ρ: X → R that is q-convex on {ρ > c} for some c ∈ R; X is q-complete if ρ can be chosen q-convex on all of X (see [1] , [26] ). By approximation we can assume that ρ is C ∞ -smooth. We have the following corollary of Theorem 1.1(a). Theorem 1.1 and Corollary 1.2 apply to any Stein manifold D with compact closureD and smooth strongly pseudoconvex boundary bD. Indeed, such D is equivalent to a smoothly bounded strongly pseudoconvex domain in a Stein manifold, and even in an affine algebraic manifold, by a biholomorphism extending smoothly to the boundary (see [6] , [36] , [52] ). For the general theory of Stein manifolds we refer to [31] , [37] .
The image V = f (D) of a proper holomorphic map f : D → X is a closed complex subvariety of X (see Remmert [47] ). If the generic fiber of f is a single point of D (which is easily ensured by a suitable choice of the initial map f 0 ), then f : D → V is a normalization map of the subvariety V.
Our proof of Theorem 1.1 (see §5) involves three main analytic techniques. When d = dim D = 1, D is a bordered Riemann surface, and in this case Theorem 1.1 essentially coincides with [14, Theorem 1.1]. The higher dimensional case requires a considerably more delicate technique for lifting the boundary of D (considered as a subset of X via a mapD → X) to higher levels of ρ. The main local lifting lemma (see Lemma 5. 3) employs special holomorphic peak functions that reach their maximum along certain Legendrian (complex tangential) submanifolds of maximal real dimension d − 1 in bD. Its proof mainly relies on the work of Dor [12] (see also Hakim [32] and Stensønes [51] ). The idea of using such peak functions goes back to the construction of inner functions by Hakim and Sibony (see [33] ) and Løw (see [40] ); these undoubtedly belong among the most intricate and beautiful results in complex analysis.
Each local modification is patched with the previous global mapD → X by the method of gluing holomorphic sprays developed in [14] (see §4 below). This technique effectively replaces the∂-equation which cannot be used directly in a nonlinear setting. However, the lemma on gluing of sprays from [14] depends on the existence of a bounded linear solution operator for the∂-equation at the level of (0, 1)-forms.
To avoid the critical points of ρ (where the estimates in the lifting process cannot be controlled) we adapt a method that was developed (for strongly plurisubharmonic functions) in [18] . We first ensure that the boundary of D (considered as a subset of X) avoids the stable manifold of any critical point of ρ; this is possible by general position, provided that all Morse indices of ρ are ≤ 2(n−d). In order to lift bD over the critical level at a critical point p ∈ Ω we construct a new noncritical function τ , with the same Levi convexity properties as ρ, such that {τ ≤ 0} contains {ρ ≤ c} for some c < ρ( p), and it also contains the local stable manifold of p for the gradient flow of ρ (see Lemma 3.1). Using the lifting procedure with τ we can push bD into {ρ > ρ( p)}, and the construction may proceed.
In the remainder of this introduction we discuss further corollaries and examples related to Theorem 1.1. 
Choose an exhaustion function τ : T m \{p} → R that equals | y − y( p)| −2 in some local holomorphic coordinates y on T m near p. The exhaustion function ρ( y, w) = τ ( y) + |w| 2 on X has no critical points in a deleted neighborhood of p, and its Levi form has 1 + n − m = d positive eigenvalues near {p}
We claim that no d-dimensional Stein manifold D admits a proper holomorphic map to the manifold X (1.1). Indeed, suppose that f : D → X is such a map. Let π: X → C d−1 denote the projection π( y, w) = w onto the second factor. Consider the holomorphic map π • f : D → C d−1 . By dimension reasons there exists a point w ∈ C d−1 for which the fiber Σ = {z ∈ D: π( f (z)) = w} is a subvariety of positive dimension in D. Since D is Stein, Σ contains a one dimensional subvariety C, and f (C) is then a closed complex curve in T m \{p} × {w}. Since a point is a removable singularity for positive dimensional analytic subvarieties [48] , it follows that f (C) is a nontrivial closed complex curve in T m × {w}, a contradiction.
Interestingly enough, the manifold X (1.1) admits plenty of nonproper holomorphic maps S → X from any Stein manifold S. Indeed, X enjoys the following Oka property (see [19 This shows that properness of a holomorphic map f : D → X is a very restrictive condition irrespectively of the codimension dim X − dim D. Theorem 1.1 gives interesting information on the existence of proper holomorphic maps of strongly pseudoconvex domains into complements of certain complex submanifolds. For example, if A is a compact complex submanifold of complex codimension q in a projective space X = P n , then Ω = P n \A admits a q-convex exhaustion function without critical points close to A (Barth [3] ; the manifold P n \P n−q is even q-complete.) Thus condition (b) in Theorem 1.1 holds
This gives the first part of the following corollary; for the second part we apply a result of Schneider (see [49, Corollary 2] [4] ) on the existence of proper holomorphic maps D → C n = P n \P n−1 for n > dim D. While Bishop's theorem holds for any Stein manifold D of dimension < n, in the general situation considered here one must restrict to Kobayashi hyperbolic domains since the complement P n \A of a generic hypersurface A ⊂ P n of sufficiently high degree is hyperbolic.
The conclusion of Corollary 1.4 fails when dim D > dim A. Indeed, the closure of V = f (D) in P n would be a closed complex subvariety of P n by the Remmert-Stein theorem (see [48, 27, p. 354] ), hence f (D) = V\A would be quasi-projective algebraic (the difference of two closed projective varieties). This is clearly impossible. It is easily seen that a proper holomorphic map f : D → X\A cannot extend continuously (as a map to X) to any boundary point of D.
Our next corollary generalizes classical results of Remmert [46] , Bishop [4] , and Narasimhan [42] on immersions and embeddings of strongly pseudoconvex domains into Euclidean spaces, as well as results of Dor [11] , [12] where the target manifold X is a domain of holomorphy in C n . Corollary 1.5 is a consequence of Theorem 1.1 (condition (a) holds since a Stein manifold X is 1-complete), except for the claim that f can be chosen an immersion (resp. an embedding). The latter conditions are easily built into the construction by applying a general position argument at every step of the inductive process.
Further results on holomorphic immersions and embeddings in X = C n can be found in [16] , [23] , [22] , [45] , [50] , [54] , [55] ; for embeddings into special domains such as balls and polydiscs see also [10] , [17] , [24] , [32] , [41] , [51] .
Assume now that X is a quasi-projective algebraic manifold. We shall see that in this case every subvariety V = f (D) ⊂ X, obtained by the proof of Theorem 1.1, is a limit of domains contained in algebraic varieties in X and normalized by D.
By a theorem of Stout [52] (see also [9] , [39] ) we can assume that D in Theorem 1.1 is a smoothly bounded, strongly pseudoconvex, Runge domain in an affine algebraic manifold S ⊂ C N of pure dimension d. A holomorphic map f from an open set U ⊂ S to a quasi-projective algebraic variety X is said to be Nash algebraic (see Nash [43] ) if its graph The image f j (U j ) of the Nash algebraic map f j in Corollary 1.6 is contained in a pure d-dimensional algebraic subvariety Γ j of X (the projection to X of an algebraic subvariety in S × X containing the graph of f j ). As j → ∞, the domains The following result in this direction generalizes Corollaries 1.5 and 1.6 in [14] which concern the one dimensional case; the proofs given there also apply in our case by using Theorem 1.1. The Oka property was defined in Example 1.3; for more details see [19] . 
Organization of the paper.
In §2 and §3 we analyze the behavior of a q-convex function near a Morse critical point. In §4 we recall the relevant results from [14] on the theory of holomorphic sprays. Theorem 1.1 is proved in §5. In §6 we recall the notions of Griffiths positivity and signature of a Hermitian holomorphic vector bundle, as well as their connection with the Levi convexity properties. This information is used in §7 where we study the existence of subvarieties as in Theorem 1.1 in complements of certain compact complex submanifolds.
Quadratic normal form for critical points of q-convex functions.
In this section we describe a quadratic normal form of a q-convex function ρ at a nondegenerate critical point p. In the following section this normal form will be used in the construction of a q-convex function τ that allows us to pass the critical level {ρ = ρ( p)} by applying the noncritical case of our lifting construction with τ (instead of ρ).
Since our considerations are completely local, we assume that ρ is a real valued C 2 -function in an open neighborhood of the origin in C n , with a nondegenerate (Morse) critical point at 0, and ρ(0) = 0. Suppose that ρ is q-convex at 0 for some q ∈ {1, 2, . . . , n + 1}; this means that its Levi form L ρ (0) has at least r = n − q + 1 positive eigenvalues (the remaining s = q − 1 eigenvalues can be of any sign). By a complex linear change of coordinates on C n we can achieve that the subspace C r × {0} s is spanned by (some of the) eigenvectors corresponding to the positive eigenvalues of L ρ (0) and that 0 is a Morse critical point of ρ(· , 0). We denote the coordinates on C n = C r × C s = C r × R 2s by z = (ζ, u), where ζ = x + iy ∈ C r (x, y ∈ R r ) and u ∈ R 2s . By shrinking the domain of ρ to a sufficiently small polydisc P = P r × P s ⊂ C n around 0 we can assume that the function ζ → ρ(ζ, u) is strongly plurisubharmonic on P r for each fixed u ∈ P s . Lemma 3 from [34] , applied to the strongly plurisubharmonic function ζ → ρ(ζ, 0), gives a complex linear change of coordinates on C r and a number k ∈ {0, 1, . . . , r} such that, in the new coordinates, we have
where
Consider the full second order Taylor expansion of ρ at 0 ∈ C n :
Here a j (x, y) = r l=1 α jl x l + β jl y l are real-valued linear functions on C r = R 2r and c ij = c ji are real constants.
Our next aim is to remove the mixed terms u j a j (x, y) by using a shear of the form (ζ, u) → (ζ + h(u), u) for a suitable R-linear map h: R 2s → C r ; such transformation is holomorphic (indeed, affine linear) in the ζ-coordinates, and hence it preserves (strong) ζ-plurisubharmonicity. To find such h, we consider the critical point equation ∂ ζ ρ (2) (ζ, u) = 0, where ρ (2) denotes the 2nd order homogeneous polynomial of ρ:
This system has a unique (linear) solution ζ = x + iy = h(u), and the quadratic map ζ → ρ (2) (ζ + h(u), u) has a unique critical point at ζ = 0 for every u. 
We shall say that (2.1) is a quadratic normal form for critical points of q-convex functions. Note that k + m is the Morse index of ρ (or ρ) at 0.
We summarize the above discussion in the following lemma; for the strongly pseudoconvex case see [35, Lemma 2.5].
LEMMA 2.1. (Quadratic normal form of a q-convex critical point) Assume that X is an n-dimensional complex manifold and that
Furthermore, we can approximate ρ as close as desired in the C 2 -topology by a q-convex function ρ that agrees with ρ outside of U and has a nice critical point
Proof. Everything except the claim in the penultimate sentence has been proved above. The latter is seen by taking
where χ:
] is a smooth function that equals zero in the unit ball B ⊂ C n , and equals one outside of 2B. When > 0 decreases to zero, the C 2 -norm of the last summand tends to zero uniformly on U.
Crossing a critical level of a q-convex function.
Let p 0 ∈ X be a nice critical point of a C 2 -function ρ: X → R that is q-convex near p 0 and satisfies ρ( p 0 ) = 0 (see Lemma 2.1). Choose a neighborhood U ⊂ X of p 0 and a coordinate map φ: U → P onto a polydisc P C n as in Lemma 2.1 such
Let c 0 ∈ (0, 1) be chosen sufficiently small such that
Its preimage 
If ρ is C r -smooth for some r ∈ {2, 3, . . . , ∞} then τ can also be chosen smooth of class C r .
Each sublevel set Ω c = {τ < c} for c ∈ (0, 2c 0 ) is a domain with C 2 strongly q-convex boundary that contains {ρ ≤ −c 0 } ∪ E, and the latter set is a strong deformation retract of Ω c (see Figure 1) . As c decreases to 0, the sets
Proof. In [18, proof of Lemma 6.7, p. 178] the second named author constructed a smooth convex increasing function h: R → [0, +∞) enjoying the following properties (see Figure 2 ):
and (iv) for all t ∈ R we have 0 ≤ḣ(t) ≤ 1 and 2tḧ(t) +ḣ(t) < λ.
Given such h we define a function τ :
Its critical locus is {|x | 2 + |u | 2 ≤ t 0 , x = 0, y = 0, u = 0} ⊂ E and the corresponding critical value is zero. From the property (iv) of h and [18, Lemma 6.8] we see that τ (· , u) is strongly plurisubharmonic on C r for every fixed value of u ∈ R 2s . The cited lemma applies directly when u = 0; in general we consider the translated function h c (t) = h(t + c) with c = |u | 2 > 0; we haveḣ c (t) = h(t + c) ≤ 1 < λ and 2tḧ c (t) +ḣ c (t) ≤ 2(t + c)ḧ(t + c) +ḣ(t + c) < λ (we usedḧ ≥ 0 and the property (iv) of h). Lemma 6.8 in [18] now gives the desired conclusion concerning the function
Comparing the definitions of ρ (3.1) and τ (3.2), and taking into account the properties of h, we see that the following conditions hold:
Property (c) implies that both definitions of τ agree on the set
) ≤ 4c 0 } and the latter set is compactly contained in U, we see that τ is well defined on V. The stated properties now follow immediately.
In particular, since τ is strongly plurisubharmonic on C r × {u} ⊂ C n (u ∈ R 2s ) and the coordinate map φ:
Since these submanifolds form a smooth nonsingular foliation of U with holomorphic leaves, τ is q-convex in U ∩ V, while on V\U it is just a translate of ρ by a constant. 
Holomorphic sprays.
In the proof of Theorem 1.1 we use sprays of maps to globalize local corrections made near a small part of the boundary. For this purpose we recall from [14] , [15] , [20] the relevant results concerning holomorphic sprays, adjusting them to the applications in this paper. (i) f is holomorphic on D × P and of class C r onD × P, (ii) the maps f (· , 0) and f (· , t) agree on σ up to order k for t ∈ P, and (iii) for every z ∈D\σ and t ∈ P the map
is surjective (the domination property). We shall call f 0 = f (· , 0) the core (or central) map of the spray f .
The following lemma is essentially [14, Lemma 4.2] for the case of sprays of maps. As it is remarked in the first line of its proof in [14] Remark 4.5. It follows from the proof in [14] that, in addition to the above, we have g(z, t) ∈ {f (z, s): s ∈ P 0 } for each z ∈D 1 and t ∈ P. At every step of the inductive construction we obtain the next map f j+1 from f j by first lifting a part of the boundary f j (bD), lying in a local chart of X, to higher levels of ρ, while at the same time taking care not to drop the boundary substantially lower with respect to ρ. The local modification, provided by Lemma 5.3, uses special holomorphic peak functions; its proof relies on the work of A. Dor [12] . To pass a critical level of ρ we use methods developed in §3 above.
For technical reasons we work with sprays of maps (see §4). This allows us to patch any local modification, furnished by Lemma 5.3, with the given global mapD → X by appealing to Proposition 4.4 above. When talking of sprays, we adopt the following convention:
All sprays in this section are assumed to be of class A 0 (D), and (unless otherwise specified) their exceptional set σ of order k equals the finite set σ from Theorem 1.1. We shall accordingly omit the phrases "of class A 0 (D)" and "with exceptional set σ of order k" when there is no ambiguity.
In the lifting process we have to consider two cases: The first is to lift the boundary of D across noncritical levels of ρ, and the second is crossing a critical level set of ρ. We reduce the second case to the first one by using Lemma 3.1 (see Lemma 5.5 below).
For maps from strongly pseudoconvex domains to a Euclidean space, relevant lifting techniques using holomorphic peak functions have been developed by several authors. The following result was proved by A. Dor (see [12, Lemma 1]; here we use Dor's original notation). The term "normalized-3" indicates that the complex Hessian is globally bounded from below with factor 3, that is, L ρ (x; v) ≥ 3|v| 2 . Since we do not wish to normalize our exhaustion function, we shall need one additional constant (denoted µ 0 in Lemma 5.2 below) in the corresponding estimates. 
Although Dor stated this result only for strongly plurisubharmonic functions ρ, in the final pages of his paper he also proved it for q-convex functions with q ≤ M − N; he called such functions "locally (N + 1)-dimensional plurisubharmonic". The proof in [12] is split into three parts. In the first part the author chooses a good system of peak functions near z 0 and obtains a constant 0 > 0 that depends only on the geometry of the boundary bD near the chosen point z 0 ∈ bD, but is independent of the target domain X and of the function ρ. In the second step he constructs a local correction map that is defined in a neighborhood U of z 0 and enjoys the stated properties on U. In the last step this local map is patched with the original global map by solving a∂-equation onD.
Since in our case X is a manifold (and not a Euclidean space as in [12] ), we perform Dor's corrections on small pieces ofD near the boundary of bD that are mapped to local charts of X, and then glue these corrections with the initial spray by the methods explained in §4. So we only need the following local version of Lemma 5.1 (before globalization). We adjust the notation to the one used in the remainder of this section, writing p instead of z 0 , p instead of 0 , and g instead of f + g. We emphasize that Lemma 5.2 is what Dor actually proved in [12] , and hence it does not require a proof. 
The main sets in Lemma 5.2 are illustrated on Figure 3 , with C shown as the dashed arc on bD ∩ bD 1 . Figure 3 . The sets in Lemma 5.2.
Using Lemma 5.2 we now prove our main modification lemma for the noncritical case. Note that f 0 always denotes the core map of a spray f . 
there exist for each > 0 an open set P 0 P containing the origin and a spray g:D × P 0 → X with the exceptional set σ of order k such that Proof. We first explain the main idea. Lemma 5.2 provides a local step on both sides -locally with respect to the boundary bD, and locally on the level set of ρ in X. In every step of the inductive construction we lift the part of the image of the boundary bD that lies in a small coordinate neighborhood to higher levels of the exhaustion function ρ (see Sublemma 5.4). In finitely many such steps we push the image of the boundary outside a certain bigger sublevel set of ρ. Each step in the construction consists of finitely many substeps, and at each substep we only make corrections on the part of the boundary lying in a suitable coordinate neighborhood in S. Sprays are used at every substep to patch the local correction with the previous global map. Now to the details. Let B n denote the open unit ball in C n , and let sB n denote the ball of radius s > 0 . Fix a number c ∈ [c 1 , c 2 ] . We shall find a number δ > 0 satisfying the conclusion of Lemma 5.3 for this value of c. It will be clear from the construction that δ can be chosen uniformly for all c sufficiently close to c, and hence (by compactness) for all c ∈ [c 1 , c 2 ].
Since the level set {ρ = c} is compact, there are finitely many holomorphic coordinate maps h i :
For each point p ∈ bD one can choose local holomorphic coordinates in S, and in this coordinate patch we obtain the sets U p , V p and a constant p as in Proof. Let f 0 = f and P 0 = P. Recall that bD ⊂ M j=1 V j . We inductively construct a finite decreasing sequence of parameter sets P 0 ⊃ P 1 ⊃ · · · ⊃ P M , with 0 ∈ P j+1 P j for j = 0, . . . , M − 1, and a sequence of sprays f j :D × P j → X with the exceptional set σ of order k such that the following hold for 
It remains to construct the sequences P j and f j . Assume inductively that we have already constructed P 0 , . . . , P j and f 0 , . . . , f j for some j ∈ {0, 1, . . . , M − 1}; we now explain how to find P j+1 and f j+1 . Set
Observe that the open set
⊂ U j+1 ∩D, and has positive distance tō
Hence there is a smoothly bounded, strongly
The situation is as shown in Figure 3 
3). Set
There exists a smaller parameter set 0 ∈ P j 0 ⊂ P j such that for w ∈ 15 16 B n , z ∈D 1 and t ∈ P j 0 the following hold: .3)), and a number > 0 (to be specified later), we obtain a map g:D 1 → C n enjoying the following properties: bD 1 \bD) } then (5.10), (5.11) and the maximum principle imply that |h 
If < 3M then it follows from (5.6), (5.8), (5.9) and the definition of δ that
Finally, if > 0 is small enough then we can glue the sprays f j and f by Proposition 4.4. This gives a smaller parameter set 0 ∈ P j+1 ⊂ P j 0 and a new spray f j+1 :D × P j+1 → X whose restriction f j+1 :D 0 × P j+1 → X is as close as desired to the spray f j :D 0 × P j+1 → X in the C 0 -topology, and the range of f j+1 over D 1 is contained in the range of the spray f . The good approximation of f j by f j+1 over D 0 and properties (5.12) and (5.13) ensure that properties (i † )-(v † ) hold.
We now conclude the proof of Lemma 5.3. Let = min{ N , δ N }, f 0 = f and P 0 = P. We construct a decreasing sequence of open parameter sets P 0 ⊃ P 1 ⊃ · · · ⊃ P N , with 0 ∈ P j P j−1 for j = 1, . . . , N, and a sequence of sprays f j :D × P j → X with the exceptional set σ of order k such that the following hold for j = 1, . . . , N: Case 2. ρ has exactly one critical point p in {x ∈ Ω:
In Case 2 we follow [14, proof of Theorem 1.1, §6]. We have
and an embedded disc E ⊂ Ω of dimension equal to the Morse index of ρ at p, enjoying the following:
τ is q-convex at every point of K c 0 , and (d) τ has no critical values in (0, 3c 0 ) ⊂ R. Applying Lemma 5.3 finitely many times we get a spray f :D × P → X with exceptional set σ of order k having the following properties:
and (iv ) f 0 and f 0 have the same k-jets at each of the points in σ.
For the parameter values t ∈ P sufficiently close to t = 0 we also have
and dim R bD = 2d − 1, Sard's lemma gives a t ∈ P arbitrarily close to the origin such that f t (bD) ∩ E = ∅. By a translation in the t-variable we can choose f t as the new central map; the new spray (still denoted f ) then enjoys the following properties for all t sufficiently near 0: 
Positivity and convexity of holomorphic vector bundles.
In this section we recall the notions of positivity and signature of a Hermitian holomorphic vector bundle (Griffiths [29] , [30] ) and its connection with the Levi convexity properties of the squared norm function.
Let π: E → M be a holomorphic Hermitian vector bundle with fiber C r over a complex manifold M of dimension m. We identify M with the zero section of E. The metric on E is given in a local frame (e 1 , · · · , e r ) by a Hermitian matrix function h = (h ρσ ) with
The Chern connection matrix θ and the Chern curvature form Θ are given in any local holomorphic frame by
(See [8, Chapter 5] or [53, Chapter III] .) For a line bundle (r = 1) with the metric h = e −ψ the above equal
In local holomorphic coordinates z = (z 1 , . . . , z m ) on M we have
For any point x 0 ∈ M there exists a local holomorphic frame (e 1 , . . . , e r ) which is special at x 0 , in the sense that the associated matrix h satisfies h(x 0 ) = I and dh(x 0 ) = 0 (see [30, p. 195] ). In this case we get
To each vector e = r ρ=1 ξ ρ e ρ (x 0 ) ∈ E x 0 we associate the (1, 1)-covector resp. t(e) ) the number of positive (resp. negative) eigenvalues of Θ{e}; that is, (s(e), t(e)) is the signature of the Hermitian quadratic form
The numbers s(e), t(e) only depend on the Hermitian metric on E, and not on the particular choices of coordinates and frames. The following notions are due to Griffiths [28] , [29] , [30] ; see also [1] and [8, Chapter 7] .
Definition 6.1. The pair of numbers (s(e), t(e)) defined above is the signature of the Hermitian holomorphic vector bundle E → M at the point e ∈ E\M. The signature of E is (s, t) where s = min{s(e): e ∈ E\M}, t = min{t(e): e ∈ E\M}.
E is of pure signature (s, t) is s = s(e) and t = t(e) for all e ∈ E\M; it is positive (resp. negative) if it has pure signature (m, 0) (resp. (0, m)). 
The maximal complex tangent space to Σ at e 0 consists of the vectors γ = (ζ 1 , . . . , ζ r ; η 1 , . . . , η m ) with r ρ=1 ξ ρ 0ζ ρ = 0. In the ζ-direction (tangential to E x 0 ) we thus get r−1 positive Levi eigenvalues for Σ; in the η-direction (the horizontal direction in T e 0 E with respect to the Chern connection) we get s(e 0 ) negative and t(e 0 ) positive eigenvalues. Hence the Levi signature of Σ at e 0 is (t(e 0 ) + r − 1, s(e 0 )). The remaining Levi eigenvalue of φ in the radial direction is positive. All claims follow immediately.
Subvarieties in complements of submanifolds.
In this section we combine our analytic techniques with the differential geometric information from §6 to study the existence of subvarieties as in Theorem 1.1 in total spaces of Hermitian holomorphic vector bundles, and in complements of certain compact complex submanifolds. Proof. Schneider proved in [49] that there exist a neighborhood V ⊂ X of A and a smooth function ρ: V\A → R that tends to +∞ at A, and whose Levi form L ρ has at least s + 1 positive eigenvalues at every point of V\A. We recall Schneider's construction to see that his function is also noncritical on a deleted tubular neighborhood of A. Once this is clear, it remains to apply Theorem 1.1.
Assume first that A is a smooth complex hypersurface in X. Let E → X denote the hyperplane section bundle of the divisor determined by A. Then E| A N A|X , and there is a holomorphic section σ: The general case reduces to the hypersurface case by blowing up X along A [49, §3] . Assume that A has complex dimension m and codimension r in X. Let A = P(N) denote the total space of the fiber bundle over A whose fiber over a point x ∈ A is P(N x ) P r−1 , the projective space of complex lines in N x C r . Replacing A byÂ changes X to a new manifoldX such thatX\Â is biholomorphic to X\A, andÂ is a smooth complex hypersurface inX. The restriction of the normal bundle NÂ |X to the submanifold P(N x ) ⊂Â is the universal bundle over P(N x ) P r−1 (the inverse of the hyperplane section bundle). This bundle is negative with respect to the Fubini-Study metric on P r−1 , and a simple calculation shows that NÂ |X has signature (s, t + r − 1) if N A|X has signature (s, t). It remains to apply the previous argument (in the hypersurface case) to a deleted neighborhood ofÂ inX (that is the same as a deleted neighborhood of A in X).
Assume now that X is a complex manifold and A is a compact complex submanifold of X with positive normal bundle N A|X . Let D be a relatively compact, smoothly bounded, strongly pseudoconvex domain in a Stein manifold, with dim D ≤ dim A. Given a pair of points z 0 ∈ D and x 0 ∈ X\A, it is a natural question whether there exists a proper holomorphic map f : D → X\A such that f (z 0 ) = x 0 . Theorem 7.2 gives an affirmative answer if x 0 lies sufficiently close to A (take f 0 :D → X to be the constant map f (z) = x 0 .)
The answer to this question is negative in general. For example, if X is obtained by blowing up P 3 at one point, with Σ being the exceptional divisor, and if A ⊂ X is a complex hyperplane disjoint from Σ, then for any 2-dimensional domain z 0 ∈ D ⊂ C 2 and holomorphic map f : D → X\A with f (z 0 ) ∈ Σ the set f −1 (Σ) is a positive dimensional subvariety of D which accumulates on bD; hence f cannot be proper into X\A. (We wish to thank the referee for pointing out this example.)
The situation is different when a connected topological group acts transitively on X by holomorphic automorphisms: We now apply Theorem 1.1 to f k , with Ω = V 0 \A and ρ as above, to obtain a holomorphic map f : D → X\A such that f (z 0 ) = x 0 and the cluster set of f at bD belongs to A. Hence f is a proper map of D to X\A.
Applying Theorem 7.3 with X = P n and taking into account that every closed complex submanifold of P n has positive normal bundle (see Barth [3] 
